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Superdiffusion arises when complicated, correlated and noisy motion at the microscopic scale
conspires to yield peculiar dynamics at the macroscopic scale. It ubiquitously appears in a variety
of scenarios, spanning a broad range of scientific disciplines. The approach of superdiffusive systems
towards their long-time, asymptotic behavior was recently studied using the Lévy walk of order
1 < β < 2, revealing a universal transition at the critical βc = 3/2. Here, we investigate the
origin of this transition and identify two crucial ingredients: a finite velocity which couples the
walker’s position to time and a corresponding transition in the fluctuations of the number of walks
n completed by the walker at time t.
Introduction - Diffusion effectively models the dynam-
ics of many physical systems. Its hallmark property, a
linear increase of the mean-square displacement (MSD)
with time, famously describes the stagnant motion of
a grain of pollen tumbling about in a glass of water
[1]. Yet there is an ever-growing list of “superdiffusive”
phenomena that fall well outside the paradigm of sim-
ple diffusion, in which perturbations propagate faster
than diffusion. Notable examples include the dynamics
of turbulent systems [2], spreading of perturbations and
associated 1D anomalous transport [3–8], tagged parti-
cle dynamics in disordered media [9, 10], evolution of
trapped ions and atoms in optical lattices [11–13], and
even the behavior exhibited by living matter [14–21].
The Lévy walk is a canonical model for superdiffu-
sion. In 1D, it describes a “walker” evolving in a se-
ries of independent “walks”. At the start of each walk,
the walker randomly draws a “walk-time” τ and a direc-
tion ±1 along which it moves with velocity ±v for the
duration of the walk. Superdiffusion arises when the
walk-time distribution φ (τ) features a heavy tail that
scales as ∝ τ−1−β for large τ , with 1 < β < 2 called
the “order” of the Lévy walk. While the mean walk-
time 〈τ〉 remains finite, naively suggesting a diffusive
motion consisting of short walks of duration ∝ 〈τ〉, the
divergence of φ (τ)’s second moment
〈
τ2
〉
signals the ex-
istence of unbounded fluctuations that occasionally lead
the walker on very long walks, ultimately yielding su-
perdiffusive dynamics. For comparison, when β > 2 the
second moment
〈
τ2
〉
remains finite and simple diffusion
is recovered [22]. The finite speed v > 0 couples the
walker’s position to time, prevents it from traveling a
distance greater than vt over a time t and guarantees the
locality of its dynamics. This seemingly-innocent prop-
erty significantly complicates the Lévy walk’s analysis
compared to other superdiffusive models, like the Lévy
flight and the continuous time random walk (CTRW),
which are often easier to analyze but have also been
criticized for their non-local dynamics [22, 23].
The approach of superdiffusive systems towards their
long-time asymptotic form was recently investigated us-
ing the Lévy walk of order 1 < β < 2 [24]. The
walker’s probability density P (x, t) was studied for large
t yet beyond the known asymptotic solution P0 (x, t) =
t−1/βf
(
t−1/βx
)
[22, 24]. This approach, captured by
the leading correction to P0 (x, t) as t→∞, was shown
to transition at βc = 3/2 between a diffusive scaling
|x| ∝ t1/2 for β > βc and a superdiffusive scaling
|x| ∝ t1/(2β−1) for β < βc. This transition is regarded
universal as it was shown to be insensitive to φ (τ)’s
short-time behavior, depending only on its heavy tail
∝ τ−1−β [24]. Indeed, recent results concerning anoma-
lous transport in a class of 1D systems [25] modeled by
a Lévy walk of order β = 5/3 [3, 8, 26] are consistent
with the diffusive correction predicted in Lévy walks for
β > βc [24]. This raises the exciting possibility that
Lévy walks may remarkably remain a valid description
of superdiffusive phenomena, even beyond the asymp-
totic limit. Elucidating how superdiffusive systems ap-
proach their asymptotic behavior thus carries both a
theoretical appeal as well as concrete consequences for
experimental and numerical investigations of superdif-
fusive phenomena, which are inherently limited to finite
space and time [24]. Still, one pressing question remains
unanswered: what is the origin of this transition?
In this paper, we investigate the mechanism respon-
sible for the universal transition observed in the onset
of superdiffusion in Lévy walks [24]. We find it to be
twofold, consisting of the finite speed v coupling the
walker’s position to time and a corresponding transition
at βc = 3/2 in the fluctuations
〈
∆n2t
〉 ≡ 〈n2t 〉−〈nt〉2 of
the number of walks n completed by the walker at time
t. At large t these become
〈
∆n2t
〉 ∼= 〈∆n2t 〉0 + 〈δn2t 〉
with the asymptotic fluctuations
〈
∆n2t
〉
0
= κ0t
3−β in-
terpolating between a ballistic scaling for β = 1 and a
diffusive scaling for β = 2 . Yet going beyond the asymp-
totic limit reveals a transition in the pre-asymptotic
fluctuations
〈
δn2t
〉 ∼= κ1t + κ2t4−2β . For β > βc one
finds
〈
δn2t
〉 ∝ t, as expected in simple diffusion (i.e.
for β > 2). For β < βc, however, one instead finds
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2a superdiffusive scaling
〈
δn2t
〉 ∝ t4−2β . The transition
in
〈
δn2t
〉
enters the Lévy walker’s position through its
coupling to time via v, inducing a corresponding tran-
sition in the onset of superdiffusion in the Lévy walk
propagator, hereby causally tying the two transitions.
Yet, clearly, these fluctuations may only affect models
with local dynamics, where the distance traveled by the
particle is proportional to the traveling time. As such,
we complete the picture by explicitly demonstrating the
absence of a transition in the onset of superdiffusion
in the Lévy flight and CTRW models, where the lack
of a coupling between the particle’s position and time
yields non-local dynamics. Besides explaining the onset
of superdiffusion, the transition in
〈
δn2t
〉
also provides a
tractable observable that can be used to probe the value
of β by tracking the number of typical “ballistic” ex-
cursions in superdiffusive experimental and simulation
data.
The Model - The 1D Lévy walk of order β describes
the evolution of a walker along the infinite line in a se-
ries of uncorrelated walks [22, 27]. In each walk, the
walker randomly draws a direction ±1 and a walk-time
τ from the walk-time distribution φ (τ), and proceeds
to walk along the chosen direction with velocity ±v un-
til τ expires and the process repeats. These dynamics
become superdiffusive when φ (τ) features a heavy tail
that scales as ∝ τ−1−β for large τ and 1 < β < 2. In
what follows we shall consider the convenient choice
φ (τ) = βtβ0θ [τ − t0] τ−(1+β) for 1 < β < 2, (1)
where the step function θ [x] keeps φ (τ) normalizable
on τ ∈ [0,∞) by imposing a cutoff at the minimal walk
time t0. For simplicity, however, we shall henceforth
set t0 = 1, effectively rendering τ to be a dimensionless
time.
To study the fluctuations in the number of steps
n completed by the walker at time t, we generalize
the Lévy walk model [22] and formulate self-consistent
equations for two quantities: the density per unit-time
νn (x, t) of walkers leaving position x at time t after
completing n walks and the density Pn (x, t) of walk-
ers at position x at time t during their n’th walk. The
equations for νn (x, t) and its initial condition are
νn+1 (x, t) =
1
2
∫ ∞
−∞
dy
∫ t
0
dτδ [|y| − vτ ]
× φ (τ) νn (x− y, t− τ) and ν0 (x, t) = δ (x) δ (t) . (2)
The right-hand side accounts for contributions to
νn+1 (x, t) from walkers that have just completed n steps
and are located at x− y at time t− τ . The equation for
Figure 1. A schematic illustration of the first few steps of the
Lévy walk dynamics. Green diamonds mark the walker’s po-
sition after completing its n’th walk, as described by νn (x, t)
in Eq. (2). Purple stars mark the walker’s position during
its n’th walk, as described by Pn (x, t) in Eq. (3).
Pn (x, t) is given by [28]
Pn (x, t) =
1
2
∫ ∞
−∞
dy
∫ t
0
dτ
× δ [|y| − vτ ]ψ (τ) νn (x− y, t− τ) , (3)
describing contributions to Pn (x, t) from walkers begin-
ning their n’th walk at position x− y at time t− τ and
drawing a walk-time greater than τ , which occurs with
probability
ψ (τ) =
∫ ∞
τ
duφ (u) . (4)
These walkers pass through x at time t, before the walk’s
duration had expired, and then continue walking. Since
we consider a δ (x) initial condition and the number of
walkers is conserved, Pn (x, t) is hereafter referred to as
the “ generalized propagator” and may be thought of as
a probability density of a single walker. The model’s dy-
namics and the differences between νn (x, t) and Pn (x, t)
are illustrated in Fig. 1.
Main Results - The universal transition in the onset of
superdiffusion in Lévy walks [24] is shown to trace back
to a corresponding transition in the fluctuations
〈
∆n2t
〉
of the number of walks n completed by the walker at
time t. These fluctuations, and the entailing transition,
then enter the walker’s position through its coupling to
time via v, inducing a corresponding transition in the
Lévy walk propagator. We first compute the general-
ized propagator Pn (x, t), from which we derive an ex-
act expression for the walk-number distribution Q˜n (s)
in Laplace-space in Eq. (11). The real-time distribution
Qn (t) is verified against direct numerical simulations in
Fig. 2. We next explicitly evaluate the large-t walk-
number fluctuations in Eq. (17), finding〈
∆n2t
〉 ∼= 〈∆n2t 〉0 + 〈δn2t 〉 , (5)
3Figure 2. The walk-number distribution Qn (t) for β = βc
versus the number of steps n. Markers depict the simulated
walk-number distribution while the dashed black lines rep-
resent the numerical inverse Laplace-transform of Q˜n (s) in
Eq. (11) at different times. The temporal growth of the
distribution’s width is described by
〈
∆n2t
〉
.
where
〈
∆n2t
〉
0
= κ0t
3−β describes the asymptotic be-
havior while
〈
δn2t
〉
= κ1t + κ2t
4−2β accounts for the
pre-asymptotic fluctuations that, as shown in Fig. 3,
undergo a transition at βc = 3/2 with κ0, κ1 and κ2
given in Eq. (18). Specifically, for β > βc we recover
diffusive fluctuations
〈
δn2t
〉 ∝ t whereas, for β < βc,
the pre-asymptotic fluctuations instead grow superdif-
fusively as
〈
δn2t
〉 ∝ t4−2β . Clearly, fluctuations in nmay
affect the propagator only if the distance traveled by the
particle is proportional to the traveling duration. Nev-
ertheless, we complete the picture by demonstrating the
absence of a transition in the onset of superdiffusion in
the Lévy flight and CTRW models, where the particle’s
position is not coupled to time. Consequently, although
a transition in
〈
δn2t
〉
is found in the CTRW model, it
fails to induce a corresponding transition in the onset of
superdiffusion.
The Generalized Propagator - Applying a Fourier-
Laplace transform to Eq. (2) for νn (x, t) yields
ν˜n+1 (k, s) =
1
2
∫ ∞
0
dte−st
×
∫ t
0
dτφ (τ)
(
eivkτ + e−ivkτ
)
νˆn (k, t− τ) , (6)
where we denote the Fourier transform by fˆ (k, t) =∫∞
−∞ dxe
−ikxf (x, t) and the Laplace transform by
f˜ (k, s) =
∫∞
0
dte−stfˆ (k, t). Interchanging the order of
integration of t and τ , i.e.
∫∞
0
dt
∫ t
0
dτ → ∫∞
0
dτ
∫∞
τ
dt,
lets us reduce Eq. (6) to
ν˜n+1 (k, s) =
1
2
[
φ˜ (s− ivk) + φ˜ (s+ ivk)
]
ν˜n (k, s) .
(7)
The n dependence in Eq. (7) can be solved using the
generating function g (λ, k, s) =
∑∞
n=0 λ
nν˜n (k, s) and
the initial condition in Eq. (2), giving
ν˜n (k, s) =
(
1
2
[
φ˜ (s− ivk) + φ˜ (s+ ivk)
])n
. (8)
Applying the same approach to Eq. (3) for Pn (x, t)
leads to
P˜n (k, s) =
1
2
ν˜n (k, s)
[
ψ˜ (s− ivk) + ψ˜ (s+ ivk)
]
. (9)
The formal solution for P˜n (k, s) is obtained by combin-
ing Eqs. (8) and (9) into
P˜n (k, s) =
ψ˜ (s− ivk) + ψ˜ (s+ ivk)
2n+1
[
φ˜ (s− ivk) + φ˜ (s+ ivk)
]−n . (10)
The generalized Lévy walk propagator P˜n (k, s) in Eq.
(10) is consistent with the known Lévy walk propagator
P˜LW (k, s) = ψ˜(s−ivk)+ψ˜(s+ivk)
2−φ˜(s−ivk)−φ˜(s+ivk) [22], which is imme-
diately recovered when marginalizing P˜n (k, s) over n.
For large t and small |k|, P˜LW (k, s) was shown in [24]
to asymptotically approach PˆLW (q, t) ∼= e−tI(q), where
I (q) =
(
1− Re
[
φˆ (q)
])
/∂qIm
[
φˆ (q)
]
and q = vk.
There, this non-trivial functional dependence of I (q) on
φˆ (q) stems from the spatio-temporal coupling by v, as
dictated by the distribution φ˜ (s± ivk), and ultimately
yields the transition in the onset of superdiffusion in
Lévy walks. While uncovering the origin of this transi-
tion, we shall see that the coupling between the walk’s
position and time is, in fact, a simple, natural and in-
tuitive mechanism which serves to intertwine the walk’s
position with the corresponding transition in the walk-
number fluctuations.
Walk-Number Fluctuations - Our next task is to eval-
uate the walk-number fluctuations
〈
∆n2t
〉
. To this end,
we first marginalize the generalized propagator P˜n (k, s)
over the walker’s position by setting k = 0. This, along
with the Laplace transform ψ˜ (s) = s−1
(
1− φ˜ (s)
)
of
ψ (τ) in Eq. (4), yields the Laplace-transformed walk-
number distribution
Q˜n (s) ≡ P˜n (k = 0, s) = s−1
(
1− φ˜ (s)
)
φ˜ (s)
n
. (11)
While we here derive it from the generalized propagator
P˜n (k, s), we stress that Q˜n (s) is a more fundamental
4Figure 3. The large-t fluctuations
〈
∆n2t
〉
over the asymptotic fluctuations
〈
∆n2t
〉
0
of Eq. (17) versus t . As t → ∞, this
ratio approaches unity from above for β < βc (left) and from below for β > βc (right). Blue circles depict the simulated〈
∆n2t
〉
while the solid orange curve depicts its theoretical expression of Eq. (17). The insets show a logarithmic plot of the
pre-asymptotic fluctuations
〈
δn2t
〉
= κ1t+ κ2t
4−2β versus t, where
〈
δn2t
〉
is obtained by subtracting the theoretical
〈
∆n2t
〉
0
from the simulated fluctuations
〈
∆n2t
〉
. Specifically, the left panel depicts log
〈
δn2t
〉
/κ2 by red crosses and (4− 2β) log t by
a black dashed curve for β = 4/3 < βc while the right panel uses the same scheme to depict log
〈
δn2t
〉
/κ1 and log t for
β = 5/3 > βc.
quantity that can be obtained without considering the
Lévy walker’s spatial behavior (see [29]). To proceed, we
introduce the Laplace-space moment generating func-
tion
g (s;λ) =
∞∑
n=0
eλnQ˜n (s) =
1− φ˜ (s)
s
(
1− λφ˜ (s)
) , (12)
from which we derive
〈n˜s〉 = φ˜ (s)
s
(
1− φ˜ (s)
) and 〈n˜2s〉 = φ˜ (s)
(
1 + φ˜ (s)
)
s
(
1− φ˜ (s)
)2 ,
(13)
noting that 〈n˜ms 〉 =
∫∞
0
dte−st 〈nmt 〉 is the Laplace
transform of the m’th moment 〈nmt 〉.
To keep our discussion as general as possible, let us
consider a generic walk-time distribution φ (τ) with an
analytic short-time behavior and a tail which scales as
∝ τ−1−β for large τ . The Laplace transform φ˜ (s) =∫∞
0
dte−stφ (t) of such a general distribution is given by
φ˜ (s) = sβ
∞∑
r=0
drs
r +
∞∑
m=0
cms
m. (14)
The singular terms sβ
∑∞
r=0 drs
r account for the distri-
bution’s tail and are responsible for the divergence of
the second and higher moments, while the analytic se-
ries
∑∞
m=0 cms
m captures its short-time behavior. The
coefficients {cm}∞m=0 and {dr}∞r=0 may be uniquely de-
termined for any such walk-time distribution φ (τ), in-
cluding the choice in Eq. (1) which was used in Figs.
2 and 3 but also for other choices (see [29]). We pro-
ceed to analyze the large-t behavior of
〈
∆n2t
〉
by first
obtaining the small-s (i.e. large-t) behavior of 〈n˜s〉 and〈
n˜2s
〉
in Eq. (13) and then taking the inverse Laplace
transform (see [29]). We find
〈nt〉 ≈ − t
c1
+
d0t
2−β
Γ [3− β] c21
+
c2 − c21
c21
, (15)
and
〈
n2t
〉 ≈ t2
c21
− 4d0t
3−β
Γ [4− β] c31
+
(
3c21 − 4c2
)
t
c31
+
6d0t
4−2β
Γ [5− 2β] c41
,
(16)
where higher order terms are neglected and the normal-
ization condition c0 = 1 is used. The leading large-t
behavior of
〈
∆n2t
〉 ≈ 〈∆n2t 〉0 + 〈δn2t 〉 in Eq. (5) is thus〈
∆n2t
〉
0
= κ0t
3−β and
〈
δn2t
〉
= κ1t+ κ2t
4−2β , (17)
with the coefficients κ0, κ1 and κ2 given by
κ0 =
2 (1− β) d0
Γ [4− β] c31
, κ1 =
c21 − 2c2
c31
and κ2 =
d0
c41
(
6
Γ [5− 2β] −
1
Γ [3− β]2
)
. (18)
For the choice of φ (τ) in Eq. (1), one finds c1 = − ββ−1 ,
d0 = −Γ [1− β] and c2 = − β2(2−β) (see [29]). These
5walk-number fluctuations enter the Lévy walk propaga-
tor since the distance traveled by the walker is propor-
tional to its traveling time. As such, the transition in
the pre-asymptotic fluctuations
〈
δn2t
〉
induces a corre-
sponding transition in the onset of superdiffusion.
The Lévy flight and CTRW models - We finally
demonstrate the absence of a transition in the onset
of superdiffusion in the Lévy flight and CTRW models,
where the distance traveled by the particle is not pro-
portional to the traveling time. Moreover, we explicitly
show that the CTRW’s non-local dynamics fail to pro-
duce a transition in the onset of superdiffusion, even
though the model does exhibit a transition in
〈
δn2t
〉
.
Explicit calculations and details are provided in [29].
In each step of the 1D CTRW dynamics, the parti-
cle waits a random time τ and then makes a random
jump ` [22]. Superdiffusion arises when the waiting-
time distribution scales as ω (τ) ∝ τ−1−β for large τ and
has a finite first moment 〈τ〉, corresponding to β > 1,
while the symmetric jump-distance distribution scales
as g (`) ∝ |`|−1−γ for large |`| and has a diverging sec-
ond moment
〈
`2
〉 → ∞, corresponding to 1 < γ < 2.
Generalizing the CTRW dynamics to account for the
number of steps n, as in Eqs. (2) and (3) for the Lévy
walk model, one obtains the generalized CTRW propa-
gator
P˜CTRWn (k, s) = s
−1 (1− ω˜ (s)) gˆ (k)n ω˜ (s)n . (19)
Marginalizing over space gives the walk-number dis-
tribution Q˜CTRWn (s) = s−1 (1− ω˜ (s)) ω˜ (s)n, which is
identical to that obtained in Eq. (11) for the Lévy walk.
As such, the same transition arises in the pre-asymptotic
walk-number fluctuations
〈
δn2t
〉
at βc, as in Eq. (17).
However, by marginalizing Eq. (19) over n and tak-
ing the long time and large distance limit, one finds
P˜CTRW (k, t) ∼= e−t(D¯0|k|γ−D1k2+O(|k|2+γ)), where D¯0
and D1 depend on the details of ω (τ) and g (`). Since
the leading correction to the asymptotic CTRW propa-
gator P˜CTRW0 (k, t) = e−D¯0t|k|
γ
is proportional to ∼ k2
for any 1 < γ < 2, no transition arises in the onset of
superdiffusion.
A similar picture is found in the 1D Lévy flight,
which describes a “flier” whose discrete evolution con-
sists of repeatedly drawing a flight-distance ` from the
distribution ξ (`) and immediately materializing at its
new location. Superdiffusion appears when ξ (`)’s sym-
metric tails scale as ξ (`) ∝ |`|−1−β for large |`| and
1 < β < 2. The model’s discrete evolution is neatly
contained within the generalized Lévy walk dynam-
ics of Eqs. (2) and (3) and its known propagator
PˆLFn (k) = φ˜ (k)
n is recovered from νˆn (k, s) of Eq. (8)
by setting s = 0. For large distances and n, it assumes
the form PˆLFn (k) ∼= e−n(D0|k|
β−D1k2+O(k4)), where D0
and D1 depend on the details of ξ (`). Again, no tran-
sition appears in the onset of superdiffusion.
Conclusions - In this paper, we studied the mecha-
nism behind the recently reported universal transition
in the onset of superdiffusion in Lévy walks of order
1 < β < 2. It was shown to be twofold, consisting
of the finite speed v which couples the walker’s posi-
tion to time and a corresponding transition in the fluc-
tuations of the number of walks n completed by the
walker at time t. Generalizing the Lévy walk model
to account for the number of walks n allowed us to
compute the walk-number distribution and its large-
t fluctuations
〈
∆n2t
〉 ∼= 〈∆n2t 〉0 + 〈δn2t 〉. A transi-
tion was demonstrated in the pre-asymptotic fluctua-
tions
〈
δn2t
〉
= κ1t + κ2t
4−2β , showing diffusive behav-
ior
〈
δn2t
〉 ∝ t for β > βc and superdiffusive behavior〈
δn2t
〉 ∝ t4−2β for β < βc. This picture was completed
by showing that no transition occurs in the onset of su-
perdiffusion in the Lévy flight and CTRWmodels, where
the particle’s position is not coupled to time.
Unlike the full propagator, which is nutritiously hard
to obtain from data, the walk-number fluctuations〈
∆n2t
〉
can readily be extracted from the dynamics by
tracking the evolution of the number of typical “ballis-
tic” excursions observed in superdiffusive systems. This
study shows that this robust and accessible observable
can be used to precisely predict which systems are ex-
pected to exhibit a transition in the onset of superdif-
fusion, be they experimental or numerical. However,
besides its theoretical value in uncovering the mecha-
nism responsible for the transition in the onset of su-
perdiffusion [24], the transition in
〈
∆n2t
〉
can itself be
used as a tool for precisely determining the value of β.
This collateral contribution is important since only a
few such instruments are currently known, in spite of
the well-known and often devastating difficulties posed
by finite-time corrections in both experimental and nu-
merical studies of superdiffusive phenomena [3, 30–37].
This work joins the efforts detailed in [8, 24, 25, 38–40]
of establishing an understanding of the pre-asymptotic
behavior of superdiffusive systems. In this context, it
would be very interesting to test these predictions in
experimental and numerical systems which are modeled
by Lévy walks.
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8SUPPLEMENTAL MATERIAL - THE ORIGIN
OF UNIVERSALITY IN THE ONSET OF
SUPERDIFFUSION IN LÉVY WALKS
I. SPACE-INDEPENDENT DERIVATION OF
Q˜n (s)
In this section we detail a space-independent deriva-
tion of the walk-number distribution. Just as we did for
the generalized propagator in the main text Eqs. (10),
one may write down self-consistent equations which ul-
timately yield the Laplace-space walk-number distribu-
tion Q˜n (s) obtained in the main text Eq. (11). To this
end, we define the density per unit time Rn (t) of walk-
ers completing their n’th walk at time t and the density
of walkers Qn (t) that are in the midst of their n’th walk
at time t. The equation and initial condition for Rn (t)
are
Rn+1 (t) =
∫ t
0
dτRn (t− τ)φ (τ) and R0 (t) = 1,
(20)
while the equation for Qn (t) is
Qn (t) =
∫ t
0
dτRn (t− τ)ψ (τ) , (21)
where ψ (t) =
∫∞
t
dτφ (τ) is the probability of drawing
a walk-time greater than t. Taking the Laplace trans-
form f˜ (s) =
∫∞
0
dte−stf (t) of Eq. (20) and interchang-
ing the integration limits
∫∞
0
dt
∫ t
0
dτ → ∫∞
0
dτ
∫∞
τ
dt
yields
R˜n+1 (t) = R˜n (s) φ˜ (s) . (22)
Using the initial condition in Eq. (20), R˜n (s) is solved
by
R˜n (s) = φ˜ (s)
n
. (23)
Repeating the same procedure for Qn (t) and using
ψ˜ (s) = s−1
(
1− φ˜ (s)
)
yields
Q˜n (s) = s
−1
(
1− φ˜ (s)
)
φ˜ (s)
n
, (24)
which is the same distribution found in the main text
Eq. (11) by marginalizing the generalized Lévy walk
propagator over space. Figure 4 illustrates the vastly
different spreading of Qn (t), captured by
〈
∆n2t
〉
, for
β = 4/3 < βc and β = 5/3 > βc.
II. 〈nt〉 AND
〈
n2t
〉
In this section we detail the derivation of 〈nt〉 and〈
n2t
〉
, i.e. the first and second moments of Qn (t) with
respect to n. Starting from the expressions
〈n˜s〉 = φ˜ (s)
s
(
1− φ˜ (s)
) and 〈n˜2s〉 = φ˜ (s)
(
1 + φ˜ (s)
)
s
(
1− φ˜ (s)
)2 ,
and the Laplace-space expansion
φ˜ (s) =
∞∑
m=0
cms
m + sβ
∞∑
r=0
drs
r,
of the main text Eqs. (13) and (14), we first obtain
〈n˜s〉 = s−1 s
β
∑∞
r=0 drs
r +
∑∞
m=0 cms
m
1− (sβ∑∞r=0 drsr +∑∞m=0 cmsm) . (25)
Normalization of φ (τ) implies that c0 = 1. Conse-
quently, we approximate 〈n˜s〉 for large t (i.e. small s)
as
〈n˜s〉 ≈ −c−11 s−2
[
1− d0
c1
sβ−1 +
(
c1 − c2
c1
)
s
]
, (26)
neglecting higher order terms in s. Using the expression
for the inverse Laplace-transform
L−1 [sγ ] = t
−1−γ
Γ [−γ] , (27)
where Γ [x] denotes the Euler gamma function, one finds
〈nt〉 ∼= − t
c1
+
d0t
2−β
Γ [3− β] c21
+
c2 − c21
c21
, (28)
as in the main text Eq. (15). The same is done for the
second moment, for which we find〈
n˜2s
〉 ≈ c−21 s−3 (1 + c1s) (2 + c1s)
×
[
1− 2
(
d0
c1
sβ−1 +
c2
c1
s
)
+ 3
(
d0
c1
sβ−1 +
c2
c1
s
)2]
,
(29)
neglecting higher order terms in small s. Taking the
inverse Laplace transform then yields〈
n2t
〉 ≈ − 4d0
Γ [4− β] c31
t3−β +
t2
c21
+
(
3c21 − 4c2
)
t
c31
+
6d0t
4−2β
Γ [5− 2β] c41
, (30)
as in the main text Eq. (16) where, again, we neglect
higher order terms in large t. With this, we obtain the
large t fluctuations
〈
∆n2t
〉 ≡ 〈n2t 〉 − 〈nt〉2 in the main
text Eq. (17).
9Figure 4. The walk-number distribution Qn (t) versus the number of steps n. Markers depict the simulated walk-number
distribution while the dashed black lines represent the numerical inverse Laplace-transform of Q˜n (s) in Eq. (24) at different
times. The left panel shows β = 4/3 < βc while the right panel shows β = 5/3 > βc. One may appreciate the different
temporal growth of the distribution’s width, described by
〈
∆n2t
〉
, for different values of β.
III. SMALL-s EXPANSION OF φ˜ (s)
We here provide the series expansion of φ˜ (s) =∫∞
0
dte−stφ (t) for φ (τ) = βθ [τ − 1] τ−(1+β) of the main
text Eq. (1). We then explicitly show that the same
general expansion φ˜ (s) =
∑∞
m=0 cms
m + sβ
∑∞
r=0 drs
r
which appears in the main text Eq. (14), similarly ap-
plies for two other choices of walk-time distribution.
For the particular walk-time distribution φ (τ) =
βθ [τ − 1] τ−(1+β), the Laplace transform φ˜ (s) is given
by
φ˜ (s) = β
∫ ∞
1
dte−stt−1−β ≡ βE1+β [s] , (31)
where Ep [z] =
∫∞
1
dye−zyy−p is the generalized ex-
ponential integral. Using its series expansion Ep [z] =
Γ [1− p] zp−1−∑∞m=0 (−z)mm!(1−p+m) [41], the series expan-
sion
φ˜ (s) = −Γ [1− β] sβ − β
∞∑
m=0
(−s)m
m! (m− β) , (32)
sets the coefficients c1 = − ββ−1 , d0 = −Γ [1− β] and
c2 = − β2(2−β) that appears in the main text.
For completeness, we next consider two addi-
tional choices of walk-time distributions, χ (τ) =
β (1 + τ)
−1−β and ζ (τ) =
(
Γ [β] e1/ττ1+β
)−1
, which
feature a heavy tail ∝ τ−1−β for large τ and 1 <
β < 2, and show that both are consistent with the
form φ˜ (s) =
∑∞
m=0 cms
m + sβ
∑∞
r=0 drs
r in the main
text Eq. (14). The Laplace transform of χ (τ) =
β (1 + τ)
−1−β is given by χ˜ (s) = βesE1+β (s). Us-
ing the series expansions of E1+β (s) and es, one finds
χ˜ (s) = β
(
sβ
∑∞
`=0
Γ[−β]
`! s
`−∑∞m,`=0 (−1)m`!m!(m−β)s`+m).
By converting the double sum
∑∞
m,`=0
(−1)m
`!m!(m−β)s
`+m
into a single sum, we obtain
χ˜ (s) =
∞∑
q=0
Γ [1− β]
(q − β)! s
q + sβ
∞∑
`=0
βΓ [−β]
`!
s`, (33)
which is precisely the form φ˜ (s) =
∑∞
m=0 cms
m +
sβ
∑∞
r=0 drs
r. The same happens for the Laplace
transform of ζ (τ), which is given by ζ˜ (s) =
2Γ [β]
−1
sβ/2Kβ (2
√
s), where Kα (x) is the modified
Bessel function of the second kind. This may be rep-
resented by the series
ζ˜ (s) =
∞∑
m=0
Γ [1− β]
m! (m− β)!s
m
+ sβ
∞∑
`=0
−pi
sin [piβ] Γ [β] `! (`+ β)!
s`, (34)
which, again, perfectly agrees with the form φ˜ (s) =∑∞
m=0 cms
m + sβ
∑∞
r=0 drs
r.
IV. CONTINUOUS TIME RANDOM WALK
In this section we analyze the onset of superdiffu-
sion and the walk-number distribution of the continuous
time random walk (CTRW) model. We show that, even
though
〈
δn2t
〉
does exhibit a transition at βc (as in the
main text Eq. (17) for the Lévy walk), the absence of
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a coupling of the particle’s position to time prevents a
corresponding transition in the onset of superdiffusion.
We denote by νCTRWn (x, t) the density per unit-time of
particles making their n’th jump at position x at time
t and by PCTRWn (x, t) the density of particles which
have made n jumps and are currently located at po-
sition x at time t. The jump-distance distribution is
denoted by g (`) and the waiting-time distribution is
denoted by ω (σ), with the survival probability given by
Ω (σ) =
∫∞
σ
dτω (τ) (i.e. the probability of waiting a
time greater than σ before the next jump). The equa-
tion describing the evolution of νCTRWn (x, t) is
νCTRWn+1 (x, t) =
∫ ∞
−∞
dyg (y)
×
∫ t
0
dτω (τ) νCTRWn (x− y, t− τ) , (35)
with the initial condition νCTRW1 (x, t) = δ [x]ω (t) en-
suring that particles make their first jump (i.e. n = 1)
at the origin after waiting a time t. Similarly, the equa-
tion for PCTRWn (x, t) is
PCTRWn (x, t) =
∫ ∞
−∞
dyg (y)
×
∫ t
0
dτΩ (τ) νCTRWn (x− y, t− τ) . (36)
Taking the Fourier-Laplace transform of Eq. (35), using
its initial condition and solving the n dependence yields
ν˜CTRWn (k, s) = gˆ (k)
n−1
ω˜ (s)
n
. (37)
Repeating this for P˜CTRWn (k, s) yields
P˜CTRWn (k, s) = s
−1 (1− ω˜ (s)) (gˆ (k) ω˜ (s))n , (38)
where we have also used Ω˜ (s) = s−1 (1− ω˜ (s)).
Let us first study the jump-number distribution
Q˜CTRWn (s) which describes the number of jumps n
completed at time t. To this end, we marginalize
P˜CTRWn (k, s) over position by setting k = 0 and find
Q˜CTRWn (s) = s
−1 (1− ω˜ (s)) ω˜ (s)n . (39)
This is precisely the same distribution found in the main
text Eq. (11) for the Lévy walk model. As such, it
entails the same transition in the pre-asymptotic fluc-
tuations
〈
δn2t
〉
in the main text Eq. (17), naively sug-
gesting a corresponding transition in the onset of su-
perdiffusion, as in the Lévy walk. However, as we next
demonstrate, the absence of a speed v which couples
the particle’s position to time consequently implies that
these fluctuations cannot enter the CTRW propagator.
Consequently, no transition will occur in the onset of
superdiffusion in the CTRW model.
To compute the propagator, we marginalize over the
number of jumps n and obtain the known CTRW prop-
agator [22]
P˜CTRW (k, s) =
1− ψ˜ (s)
s
(
1− gˆ (k) ψ˜ (s)
) . (40)
Let us choose the specific waiting-time and jump-length
distributions{
ω (τ) = βθ [τ − 1] τ−1−β
g (`) = γ2 θ [|`| − 1] |`|−1−γ
, (41)
whose respective Laplace and Fourier transforms are
ω˜ (s) = −Γ [1− β] sβ − β
∞∑
m=0
(−s)m
m! (m− β) , (42)
and
gˆ (k) = 1F2
[
−γ
2
;
1
2
,
2− γ
2
;−k
2
4
]
− cos
[piγ
2
]
Γ [1− γ] |k|γ , (43)
where β > 1 and 1 < γ < 2 correspond to the superdif-
fusive regime and pFq
[
{ai}pi=1 ; {bj}qj=1 ; z
]
is the gen-
eralized hypergeometric function. For small s and |k|,
these become{
ω˜ (s) ≈ 1− ββ−1s− Γ [1− β] sβ − β2(2−β)s2
gˆ (k) ≈ 1− cos [piγ2 ]Γ [1− γ] |k|γ + γ2(2−γ)k2 .
(44)
Taking first the limit of large t and then the limit of
larges distances yields
P˜CTRW (k, s) ∼= β
β − 1
1
1− gˆ (k) + ββ−1 gˆ (k) s
, (45)
whose Inverse Laplace transform at small |k| is
P˜CTRW (k, t) ∼= gˆ (k)−1 e− β−1β t
1−gˆ(k)
gˆ(k) . (46)
For small |k| we find
Pˆ (k, t) ∼= e−
(β−1)t
β
(
cos[piγ2 ]Γ[1−γ]|k|γ− γk
2
2(2−γ)+O(|k|2+γ)
)
,
(47)
with no transition in the onset of superdiffusion.
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V. LÉVY FLIGHT
We here analyze the onset of superdiffusion in the
Lévy flight model and demonstrate the absence of tran-
sition in the onset of superdiffusion. Denoting the
PLFn (x) density of fliers at position x after n steps, the
model’s evolution is described by
PLFn+1 (x) =
∫ ∞
−∞
dyφ (y)PLFn (x− y) . (48)
Following a Fourier transform, we obtain
Pˆn (k) = φˆ (k)
n
. (49)
Let us choose the flight length distribution φ (`) =
β
2 θ [|`| − 1] |`|−1−β , whose Fourier transform is given by
φˆ (k) = 1F2
[
−β
2
;
1
2
,
2− β
2
;−k
2
4
]
− cos
[
piβ
2
]
Γ [1− β] |k|β . (50)
For small |k|, this becomes
φˆ (k) = 1− cos
[
piβ
2
]
Γ [1− β] |k|β
+
β
2 (2− β)k
2 +O (k4) . (51)
Thus, for small |k|, Pˆn (k) is well approximated by
Pˆn (k) ∼= e−n(D0|k|
β−D1k2+O(k4)), (52)
where {
D0 = cos
[
piβ
2
]
Γ [1− β] |k|β
D1 =
β
2(2−β)
. (53)
Again, no transition is found in the onset of superdiffu-
sion.
